Abstract. The goal of this paper is to present an isometric representation of the dual space to Cesàro function space Cp,w, 1 < p < ∞, induced by arbitrary positive weight function w on interval (0, l) where 0 < l ∞. For this purpose given a strictly decreasing nonnegative function Ψ on (0, l), the notion of essential Ψ-concave majorantf of a measurable function f is introduced and investigated. As applications it is shown that every slice of the unit ball of the Cesàro function space has diameter 2. Consequently Cesàro function spaces do not have the Radon-Nikodym property, are not locally uniformly convex and they are not dual spaces.
Introduction
Cesàro function spaces were studied for the first time in 1970 [25] . These spaces have been defined analogously to the Cesàro sequence spaces that appeared two years earlier in [1] when the Dutch Mathematical Society posted a problem to find a representation of their dual spaces. This problem was resolved by Jagers [18] in 1974 who gave an explicit isometric description of the dual of Cesàro sequence space. In 1996 different, isomorphic description due to Bennett appeared in [6] . For a long time Cesàro function spaces have not attracted a lot of attention contrary to their sequence counterparts. In fact there is quite rich literature concerning different topics studied in Cesàro sequence spaces as for instance in [11] [12] [13] [14] [15] [16] . However recently in a series of papers [2] [3] [4] , Astashkin and Maligranda started to study thoroughly the structure of Cesàro function spaces. Among others, in [3] they investigated dual spaces for classical Cesàro function spaces Ces p induced by the weight w(x) = x −1 for 1 < p < ∞. Their description can be viewed as being analogous to one given for sequence spaces in [6] . They found a Banach space equipped with a norm equivalent to the dual norm, which is an isomorphic representation of the dual space.
Here, in this paper, we compute precisely the dual norm of the Cesàro function space C p,w on (0, l), 0 < l ∞, generated by 1 < p < ∞ and an arbitrary positive weight w. A description presented in this paper resembles the approach of Jagers [18] for sequence spaces; however, the techniques are more involved due to necessity of dealing with measurable functions instead of sequences.
An introductory section 2 of this paper is devoted to Ψ-concave functions and essential Ψ-concave majorants of measurable functions and it can of independent interest. In this section Ψ is a nonnegative strictly decreasing function on the interval I = (a, b) ⊂ R. The notion related to Ψ-concavity was defined by Beckenbach in 1937 [23, cf. Section 84, p. 240]. We introduce here also a new notion of essential Ψ-concave majorantf of a measurable function f , which is a key to study a representation of dual spaces. We discuss several properties of Ψ-concave functions as well as the existence, continuity or differentiability of Ψ-concave majorantf of an arbitrary measurable function f .
In main section 3, we give an isometric description of the dual of Cesàro function spaces with arbitrary weight function on finite or infinite interval (0, l). We treat finite and infinite case in an unified way, opposite to the isomorphic description given in [3] . It is also worth to mention that in the process of showing our results, we do not use Hardy inequality at all, an essential tool in studying the space Ces p .
In section 4, applying techniques developed in studying duality we prove that every slice of the unit ball of C p,w , 1 < p < ∞, has diameter 2. Consequently, in a final part we state several corollaries as that Cesàro function spaces do not have the Radon-Nikodym property, neither strongly exposed nor denting points, as well as they are not locally uniformly rotund or that they are not dual spaces.
Throughout this paper, the terms decreasing or increasing mean non-increasing or non-decreasing, respectively. By m we denote the Lebesgue measure on the real line R. For an interval I ⊂ R by L 0 (I) we denote the set of all (equivalence classes of extended) real valued Lebesgue measurable functions on I. The positive cone of
For a Banach space (X, · ) by B X and S X we denote the unit ball and the unit sphere of X, and by X * the dual space of X. Any Banach space E = E(I) ⊂ L 0 (I) with norm · satisfying the condition that f ∈ E and f g whenever 0 f g a.e., f ∈ L 0 (I) and g ∈ E, is called a Banach function lattice. An element f in a Banach function lattice E is called order continuous if for every 0 f n |f | a.e. such that f n ↓ 0 a.e. it holds f n ↓ 0. We say that E is order continuous if every element in E is order continuous. A Banach function lattice (E, · ) has the Fatou property if for any sequence (f n ) ⊂ E and any f ∈ L 0 (I) such that 0 f n f a.e., f n ↑ f a.e. and sup n f n < ∞ it holds f ∈ E and f = lim n f n .
Ψ-concave functions and essential Ψ-concave majorants
In this section we fix I = (a, b) ⊂ R to be an open (finite or infinite) interval and Ψ : I → R + to be a strictly decreasing function on I. We first collect a number of properties of Ψ-concave functions. Some of them are certainly known [23, cf Section 84, p. 240] but we provide their proofs here for the sake of completeness. Next we introduce a notion of essential Ψ-concave majorantf of f ∈ L 0 (I) and discuss a number of its properties like existence, continuity and differentiability. This section can be of independent interest.
Recall a definition of Ψ-concave function [18] .
It is easy to check that inequality (1) is equivalent to
It is also possible to rewrite (2) as
If the interval I = (a, b) is finite and Ψ(x) = b − x, x ∈ I, then Ψ-concavity on I is just usual concavity.
The following definition will be also useful.
Definition 2.2. We say that a function f : I → R is Ψ-affine on I, if f (x) = AΨ(x) + B, x ∈ I, for some constants A and B.
For arbitrary interval J we say that f : J → R is Ψ-concave on J if it is Ψ-concave on the interior of J. Similarly in the case of Ψ-affine function. Now, similarly as done for example in [23] in context of convex functions, we show basic properties of Ψ-concave functions. Let f : I → R be Ψ-concave on I. Define for x ∈ I,
In order to see the existence and finiteness of the above quantities, it is enough to observe that for any w < x < y < z < u in I, by (3) it follows that increases as x ↑ y and the right side decreases as z ↓ y. It follows that
Ψ f follows again from (3), namely, for any w < x < y < z in I, 
and since f and Ψ are right continuous, lim
On the other hand, we know that The next proposition summarizes our discussion as follows.
Ψ(x)−Ψ(y) increases as x ↑ y and the ratio
The following basic fact will be also useful. 
for all c x < y d,
Denoting the right hand side by K we get that
The claim follows.
0. Since the ratio
0 for z > x, and hence f (z) f (x) by monotonicity of Ψ. Since x ∈ I is arbitrary, we get that f is decreasing. The proof of another case is similar.
D for x ∈ (a, x 0 ). It follows that for all z < x,
. Now, keeping x ∈ (a, x 0 ) fixed and taking z → a + we would get that f (z) < 0 for z close enough to a, which contradicts the condition f 0.
Lemmas 2.5 and 2.6 imply the following corollary. Observe that inequality (2) can also be equivalently written as
for all x, y, z ∈ I with x < y < z.
Lemma 2.8. A function f : I → R is Ψ-concave on I if and only if for each y ∈ I there is at least one function
Proof. If f is Ψ-concave on I and y ∈ I then for any
Conversely, suppose that for each y ∈ I there is at least one function
The following lemma will be useful. Proof. We prove only the first part. The proof of the second part is similar.
If there exists an interval (c, d) ⊂ I on which f (x) = AΨ(x) + B, then
Hence f is not strictly Ψ-concave on I. Conversely, if f is not strictly Ψ-concave on I, then from (2) we get that there exist w < x < u in I such that
It follows from (3) that for any y in (x, u),
In the case when Ψ is a continuous function, we can define Ψ-concavity in one more equivalent way. Namely, denoting α = Ψ(y)−Ψ(z) Ψ(x)−Ψ(z) for x < y < z in I, we get that Ψ(y) = αΨ(x) + (1 − α)Ψ(z), and so (4) can be written as
If Ψ is continuous then for any x, z ∈ I, say x z, and any α ∈ [0, 1] there exists y ∈ [x, z] such that Ψ(y) = αΨ(x) + (1 − α)Ψ(z). Then inequality (5) holds true for all α ∈ [0, 1] and all x, z ∈ I, that is function f • Ψ −1 is concave on Ψ(I). Furthermore, in this case, by induction it can be shown that
We have the following lemma.
Lemma 2.10. If Ψ is a continuous function on I then f is Ψ-concave on I if and only if f • Ψ −1 is concave on Ψ(I).
Proof. Only one direction requires proof. Suppose that f • Ψ −1 is concave on Ψ(I). Let x, y, z ∈ I be arbitrary, x < y < z and u = Ψ(x), v = Ψ(z). Since Ψ is one-to-one, x = Ψ −1 (u) and
. This gives inequality (4) and so f is Ψ-concave on I.
The following notion of essential Ψ-concave majorant is crucial for characterization of the dual space to Cesàro function spaces.
Definition 2.11. For any function f ∈ L + 0 (I) we define its essential Ψ-concave majorantf bŷ
where m (n) is the Lebesgue product measure on I n . For arbitrary function f ∈ L 0 (I) we definef = |f |.
The above definition should be compared to one of concave majorants given in 1970 by Peetre [21] .
The remaining results of this section describe several properties off . First we give conditions on f under which the essential Ψ-concave majorantf is finite on I.
Proof. Let f ∈ L + 0 (I) and y ∈ I. Suppose that
except possibly some subset of the set
where the union is taken over all partitions of {1, 2, . . . , n} into two disjoint nonempty sets I 1 , I 2 . It is not difficult to see that m (n) C = 0, whence it follows thatf (y) B y Ψ(y) + A y < ∞.
The proof is similar to one for concave majorants [19, p. 47] .
Let x < y < z in I. We will show inequality (4) forf . Let α = Ψ(y)−Ψ(z)
Ψ(x)−Ψ(z) and ǫ > 0 be arbitrary. From the definition off (x) it follows that there exist j ∈ N and a set
Similarly, by definition off (z), there exist k ∈ N and a set
Since ǫ was arbitrary the claim follows.
Recall that if C is a measurable subset of R and y ∈ R then y is called a point of density of C if
It is known that if C is a measurable subset of R then almost every x ∈ C is a point of density of Lemma 2.14. If Ψ is a continuous function and lim x→a + Ψ(x) = ∞ then for any function f ∈ L + 0 (I) withf < ∞ on I, it holds that f f a.e. on I, andf is also continuous on I.
Proof. Suppose there exist ǫ > 0 and a set C ⊂ I with mC > 0 such that f f + ǫ on C. Without loss of generality we assume that all points in C are points of density of C. It follows that for all y ∈ C and all x < y < z in I, m(C ∩ (x, z)) > 0.
First we show that for any x < z such that m(C ∩ (x, z)) > 0 there is y ∈ C ∩ (x, z) for which m(C ∩ (x, y)) > 0 and m(C ∩ (y, z)) > 0. Let c = sup y∈C∩(x,z) m(C ∩ (x, y)) = 0 and d = inf y∈C∩(x,z) m(C ∩ (y, z)) = 0. It follows that c < d, which gives m(C ∩ (x, y)) > 0 and m(C ∩ (y, z)) > 0 for all c < y < d.
Since Ψ is a continuous function, by Lemmas 2.13 and 2.4 we get thatf is continuous. Let x < z in I be such that
By the above there is y ∈ C ∩ (x, z) such that m(C ∩ (x, y)) > 0 and m(C ∩ (y, z)) > 0. Consider the set B := {(y 1 , y 2 ) ∈ (C ∩ (x, z)) × (C ∩ (x, z)) : Ψ(y) = αΨ(y 1 ) + (1 − α)Ψ(y 2 ) for some α ∈ (0, 1)}. It is clear that B = {(y 1 , y 2 ) ∈ (C ∩ (x, z)) × (C ∩ (x, z)) : y 1 < y < y 2 or y 2 < y < y 1 } = ((C ∩ (x, y)) × (C ∩ (y, z))) ∪ ((C ∩ (y, z)) × (C ∩ (x, y))) and hence m (2) B > 0. Observe that by (7) we have |f (y 1 ) −f (y 2 )| < ǫ/2 for all y 1 , y 2 ∈ I such that (y 1 , y 2 ) ∈ B. Now, for almost all (y 1 , y 2 ) ∈ B, sincef is decreasing by Corollary 2.7, we have that
This is impossible, hence f f a.e. on I.
Remark 2.15.
0 (I) and f g a.e. on I thenf ĝ. In fact
) for all (y 1 , y 2 , . . . , y n ) ∈ I n except possibly some set of measure 0. (2) Let Ψ be a continuous function on I and lim x→a + Ψ(x) = ∞. If f is Ψ-concave on I then f =f . Consequentlyf =f for any function f ∈ L 0 (I) withf < ∞ on I. Indeed, from (6) it follows that
f (y) whenever Ψ(y) = n i=1 α i Ψ(y i ) and hencef f which together with Lemma 2.14 gives that f =f . 
By the above, we construct an increasing sequence (a n ) ⊂ (u, y) and a sequence (b n ) ⊂ (y, v) such that a n → y, b n → y and
Consider the sequence of functions
It is clear that S n (a n ) =f (a n ), S n (b n ) =f (b n ) and by (4), S n (x) f (x) for all x ∈ (a n , b n ), n ∈ N.
By Lemma 2.8,f (x) CΨ(x) + (f (y) − CΨ(y)). Hencê
|C − s n |Ψ(a 1 ) +f (y) −f (a n ) + s n Ψ(a n ) − CΨ(y).
It follows that for every δ > 0 there exists N δ ∈ N such that for all n > N δ and for all x ∈ (a n , b n ),
By the above for all y ∈ (u, v) there exist c y ,
. By definition of the set A it follows that f (x) DΨ(x) + B a.e. on (c y , d y ). Since function g(t) =f χ (cy,dy) c (t) + (DΨ(t) + B)χ (cy,dy) (t), t ∈ I, is Ψ-concave on I it must bef = g by Remark 2. Theorem 2.17. If f n : I → R is a pointwise converging sequence of convex functions, then the limit is also convex. Moreover, the convergence is uniform on any compact subinterval included in the interior of I, and (f ′ n ) converges to f ′ except possibly at countably many points of I. Observe that the above theorem works if one replaces words "convex" by "concave". Now, by Lemma 2.10 and Theorem 2.17, we conclude this section by the following result.
Lemma 2.18. Let Ψ be an absolutely continuous function on each closed subinterval of I with finite and non zero derivative Ψ ′ a.e. on I. If f n : I → R is a sequence of Ψ-concave functions converging to a function f which is finite on I, then f is Ψ-concave on I and the convergence is uniform on any compact subinterval of I. Moreover, (f ′ n ) converges to f ′ a.e. on I.
Description of the dual space
Let I = (0, l), 0 < l ∞ and 0 < w ∈ L 0 (I). The weighted Cesàro function space on I is defined to be (1 p < ∞)
Note that for f ∈ C p,w (I),
and · p is the norm in the Lebesgue space L p (I).
The goal of this section is Theorem 3.9 which gives an isometric description of the Banach dual space (C p,w ) * . We start with two basic lemmas. Proof. To see that (C p,w , · Cp,w ) has the Fatou property it is enough to apply Fatou's Lemma twice. Using the Monotone Convergence Theorem one can show that C p,w (I) is an order continuous space [5, 19] . 
Let a n be a strictly increasing sequence in I such that l an w(x) p dx = 1/n p , n n 0 , for some large enough n 0 ∈ N. If l = ∞ let g n = χ (an,an+n) , if l < ∞ let g n = n a n+1 −an χ (an,a n+1 ) . Clearly in both cases g n 1 → ∞ as n → ∞, x 0 g n (t) dt = 0 for x < a n and x 0 g n (t) dt n for x a n . Hence g n p Cp,w l an n p w(x) p dx = 1 for all n n 0 , and the claim follows.
Hence the space C 1,w (I) is just a weighted Lebesgue space with weight l t w(x) dx, t ∈ I. In the sequel we assume that 1 < p < ∞ is fixed and the weight function w satisfies the following conditions (i) w > 0 a.e. on I,
Conditions (i)-(iii) imply that the function Ψ is strictly decreasing on I, lim x→0 + Ψ(x) = ∞ and lim x→l Ψ(x) = 0. Also by absolute continuity of Ψ on each compact subinterval of I,
wheref ′ (x) denotes the derivative off at x. Note that this derivative exists a.e. because Ψ is absolutely continuous on every closed subinterval of I, and so isf by Lemma 2.4. It is easy to check that if the weight w is a power function w(x) = x s then conditions (i)-(iii) are satisfied for s < −1/p if l = ∞, and for s −1/p if l < ∞. If s = −1 then the space C p,w is the standard Cesàro function space Ces p considered by several authors (see [3] and the references given therein).
For any 1 < p < ∞ we define its conjugate exponent q = p/(p − 1). Let us denotê
We will show that the Köthe dual space of C p,w (I),
equipped with the usual norm
is the space
where f (Cp,w) ′ = Ĥ w f q and the essential Ψ-concave majorantf is obtained with respect to Ψ. Observe that Ψ (and hencef ) depends on both p and w. Since C p,w is an order continuous space with the Fatou property its Köthe dual (C p,w ) ′ can be identified with its Banach dual space (C p,w ) * . In fact each bounded linear functional F ∈ (C p,w ) * is of the integral form F (g) = I f (t)g(t) dt, g ∈ C p,w , where f ∈ (C p,w ) ′ and F (Cp,w ) * = f (Cp,w) ′ [5, 19] . We start with several preparatory lemmas.
Ψ(x) < ∞ for all y ∈ I. Consequentlyf (y) < ∞ for all y ∈ I.
Proof. Let y ∈ I be fixed and 0 f ∈ (C p,w ) ′ . Suppose that ess sup x∈(y,l) f (x) = ∞. For all C > 0 there exists set A ⊂ (y, l) with 0 < mA < ∞ such that f > C on A. Letting g = χ A /mA, it follows that I f (t)g(t) dt C. But for all sets A ⊂ (y, l) with positive measure χ A /mA Cp,w Ψ(y) p , hence f / ∈ (C p,w ) ′ . Now we show that y 0 (w(x)/Ψ(x)) p dx < ∞ for all y ∈ I. Fix y ∈ I. By (ii) and (iii) we can find a sequence (a n ) decreasing to 0, a 0 = l such that
Hence, for x ∈ [a n+1 , a n ), n = 0, 1, . . .
Since y ∈ [a k+1 , a k ) for some k = 0, 1, . . ., and p > 1 we get that
Next, for arbitrary y ∈ I, since y 0 (w(x)/Ψ(x)) p dx < ∞, Ψ is decreasing and 1/Ψ is bounded on (0, y), denoting B = y 0 1/Ψ(x) dx, by (ii) we get that
Hence there is a constant E > 0 such that 1/((mA)Ψ)χ A Cp,w E < ∞ for all A ⊂ (0, y) with mA > 0.
Suppose now that ess sup x∈(0,y)
Ψ(x) = ∞. Then for every C > 0 there exists a set A ⊂ (0, y) with mA > 0 such that f (x) CΨ(x) for x ∈ A. Let g = 1/((mA)Ψ)χ A . It follows that I f (x)g(x) dx A CΨ(x)(1/((mA)Ψ(x)) dx = C and hence f / ∈ (C p,w ) ′ which gives a contradiction. Finally by Lemma 2.12 we have thatf (y) < ∞ for all y ∈ I, and the proof is completed.
Proof. By Corollary 2.7,f is decreasing and hence lim x→lf (x) exists. Suppose that lim x→lf (x) = C for some C > 0. It follows thatf (t) C on I. By Lemma 3.2(b) there is a sequence of functions 
C q w(x) p a.e., so by (iii) the integral I (−f ′ (x)/w(x)) q dx = I (Ĥ w f ) q (x) dx diverges, and this is a contradiction.
Proof. If Ĥ w f q = ∞ then the claim is clear. Assume that Ĥ w f q < ∞. In view of lim x→lf (x) = 0, using Fubini's Theorem and the Hölder inequality, for any g ∈ C p,w we have the following
From the above it follows that f ∈ (C p,w ) ′ and f (Cp,w)
Proof. Without loss of generality we assume that Ĥ w f q = 1. By Lemma 3.6 we have that I f (t)g(t) dt Ĥ w f q g Cp,w , whence f ∈ (C p,w ) ′ and f (Cp,w) ′ 1.
Function h is increasing, finite and right continuous on I and lim x→0 + h(x) = 0 as shown in Proposition 2.3 and Lemma 3.5. Note that h = (−f ′ /w p ) q/p a.e. on I.
Fix ǫ ∈ (0, 1). Our main goal is to define a function g such that g Cp,w 1 + ǫ and I f (t)g(t) dt > 1 − 2ǫ. The construction of g will involve a special set A ⊂ I and a carefully chosen subdivision of I. First we find A and then a finite sequence (a n ) ⊂ I which divides I.
Given y ∈ I let A y = {x ∈ I :f (x) |f (x)| + ǫ/4h(y)}.
Suppose m(A y ∩ (0, y)) = 0 for all y > y 0 and some y 0 ∈ I. In such case, Lemma 2.16 implies thatf is Ψ-affine on each interval (0, y), y ∈ I, and hencef is Ψ-affine on I. By Lemmas 2.9 and 3.5, D Observe now, that if there is x ∈ I such that m(A ∩ (0, x)) = 0 then, by Lemma 2.16,f is Ψ-affine on (0, x) and so h = 0 on (0, x). Suppose now that m(A ∩ (0, x)) > 0 for all x ∈ I. Then for all y ∈ I, there exists a < y such that m(A ∩ (a, x)) > 0 whenever x > a. Indeed, otherwise there exists y ∈ I such that for all a < y, m(A ∩ (a, x)) = 0 for x > a close enough to a, say for x < x a . Now the family of sets (a, x a ), a ∈ (0, y), covers [η, y − η] for any η > 0. From this, using compactness, one can infer that m(A ∩ (0, y)) = 0, which gives a contradiction.
Hence we fix a ∈ I, without loss of generality a point of continuity of h, such that (Ĥ w f )χ (0,a)ǫ p /2 and either h(x). Clearly there is only finite number of them, say a < y 1 < y 2 < . . . < y M < b. Sincef is continuous on I for each y i , i = 1, 2, . . . , M , we can find two points of continuity of h, y i , y i ∈ (a, b) such that y i < y i < y i , the intervals [y i , y i ] are pairwise disjoint, (11) 
, and (14) h(y
By Lemma 2.16, m(A ∩ (y i , y i )) > 0 for all i = 1, 2, . . . , M . Condition (12) implies that
is a union of finite number of open disjoint intervals, say ∪ j (v j , v j ). Each such interval (v j , v j ) can be divided using finite number of points of continuity of h, say u k , into subintervals (u k , u k+1 ) in such a way that the family (u k , u k+1 ) k is a partition of (v j , v j ), and
Let (a n ) N +1 n=0 be a strictly increasing sequence consisting of all points u k ∈ ∪ j (v j , v j ) obtained above, points a, b and y i , y i , i = 1, 2, . . . , M . Note that a 0 = a, a N +1 = b and each interval (a n , a n+1 ) contains at most one of the points y i , i = 1, 2, . . . , M . Note that the union of all sets (a n , a n+1 ] is (a, b].
Denote A n = A ∩ (a n , a n+1 ), n = 0, 1, . . . , N . Let E = {n ∈ {0, 1, . . . , N } : mA n > 0}. Clearly E = ∅. We can write E = {n 1 , n 2 , . . . , n k } where 0 n 1 < n 2 < . . . < n k N . Note that, if n / ∈ E then by Lemmas 2.16 and 2.9, h(a n+1 ) − h(a n ) = 0 since h is constant on (a n , a n+1 ) and continuous at each point a i , i = 0, 1, . . . N + 1.
Let κ = 0 if n 1 > 0, i.e. if mA 0 = 0 (which is possible when (9) holds true), κ = h(a 0 )/mA 0 if n 1 = 0, i.e. if mA 0 > 0 (which is always a case when (8) holds true). Define function
Since h is increasing we get that
and (a n , a n+1 ) does not contain any of points y i , i = 1, 2, . . . , M , then h(a n+1 ) − h(x) ǫ/4γ by (16) . Similarly, if x ∈ (a n , a n+1 ) and (a n , a n+1 ) contains point y i for some i = 1, 2, . . . , M , then h(a n+1 ) − h(x) ǫ/2γ + (h(y (13) and (14) . It follows that for x ∈ I,
By the triangle inequality, definition of γ and (11) we get that
, by definition of A we have that
Now by (15) and (18),
It is easy to see that
Since h(a 0 ) = 0 if n 1 > 0, h(a n+1 ) − h(a n ) = 0 if n / ∈ E and by (10),
h(a n )(f (a n−1 ) −f (a n ))
h(a n ) an a n−1
Combining all the above together we obtain I f (t)g(t) dt 1 − 3ǫ/2. Dividing both sides by 1 + ǫ one gets I f (t)g(t)/(1 + ǫ) dt 1 − 3ǫ.
Finally, by g/(1 + ǫ) Cp,w 1 it follows that f (Cp,w) ′ = 1. 
h(a n i +1 ) − h(a n i ) mB n i χ Bn i + κ 1 χ B 0 sign f ,
h(a n i +1 ) − h(a n i ) mC n i χ Cn i + κ 2 χ C 0 sign f .
Similarly as in the proof of Theorem 3.7 one can show that g j Cp,w 1+ ǫ, j = 1, 2. Since formulas (12) and (17) do not depend on the set A, (15) and (18) remain true if we replace set A by B or C. Hence we also get the estimates I f (t)g j (t)/(1 + ǫ) dt 1 − 3ǫ > 1 − η, j = 1, 2. It follows that g j /(1 + ǫ) ∈ s(F ; η), j = 1, 2.
Observe that x 0 |g j (t)| dt = 0 if x < a 0 . If x ∈ (a n , a n+1 ) and y i / ∈ (a n , a n+1 ) for all i = 1, 2, . . . , M , then x 0 |g j (t)| dt h(a n ) h(a n+1 ) − ǫ/2γ by (16) . Similarly, if x ∈ (a n , a n+1 ) and y i ∈ (a n , a n+1 ) for some i = 1, 2, . . . , M , then (13) and (14) . It follows that for all x ∈ (a, b), j = 1, 2, Since g 1 and g 2 have disjoint supports, we get that for all x ∈ (a, b), w(x) By the above and (19) we get that g 1 − g 2 Cp,w 2 − 4ǫ. Dividing now both sides by 1 + ǫ we obtain that (g 1 − g 2 )/(1 + ǫ) Cp,w 2 − 6ǫ. Since ǫ can be taken arbitrarily small we obtain that the diameter of s(F ; η) is 2.
Final conclusions
Recall that a Banach space (X, · ) is called locally uniformly convex if for any x ∈ S X and any sequence (x n ) ⊂ B X , lim n→∞ x + x n = 2 implies that lim n→∞ x − x n = 0. A point x ∈ S X is said to be strongly exposed if there is x * ∈ S X * such that x * x = 1, x * y < 1 for all y ∈ B X \ {x}, and x * x n → 1 implies that x − x n → 0 as n → ∞ for any sequence (x n ) ⊂ B X .
A point x ∈ S X is called a denting point of B X if x / ∈ co{B X \ (x + ǫB X )} for each ǫ > 0. It is easy to see that if the unit ball B X has denting points then it has slices of arbitrary small diameter [9, Proposition 2.3.2, p. 28]. Also any strongly exposed point is a denting point [22, p. 227] and in locally uniformly convex space all points of its unit sphere are denting [17] . The Radon-Nikodym property can be characterized in terms of denting points. Namely, a Banach space X has the RadonNikodym property if and only if for every equivalent norm in X the respective unit ball B X has a
